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ABSTRACT: In the holographic model of QCD, baryons are chiral solitons sourced by D4
flavor instantons in bulk of size 1/ VA with A\ = ¢2N,. Using the ADHM construction
we explicit the exact two-instanton solution in bulk. We use it to construct the core NN
potential to order N./A. The core sources meson fields to order y/ N,/ which are shown to
contribute to the NN interaction to order N./A. In holographic QCD, the NN interaction
splits into a small core and a large cloud contribution in line with meson exchange models.
The core part of the interaction is repulsive in the central, spin and tensor channels for
instantons in the regular gauge. The cloud part of the interaction is dominated by omega
exchange in the central channel, by pion exchange in the tensor channel and by axial-vector
exchange in the spin and tensor channels. Isovector meson exchanges are subdominant in
all channels.
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1 Introduction

Holographic QCD has provided an insightful look to a number of issues in baryonic physics
at strong coupling A = g?> N, and large number of colors N, [1-10]. In particular, in [1, 2]
baryons are constructed from a five-dimensional Shrodinger-like equation whereby the 5th
dimension generates mass-like anomalous dimensions through pertinent boundary condi-
tions. A number of baryonic properties have followed ranging from baryonic spectra to
form factors [1, 2.

At large N, baryons are chiral solitons in QCD. A particularly interesting framework
for discussing this scenario is the D8-D8 chiral holographic model recently suggested by
Sakai and Sugimoto [3, 11] (herethrough hQCD). In hQCD D4 static instantons in bulk
source the chiral solitons or Skyrmions on the boundary. The instantons have a size of
order 1/v/X and a mass of order N A in units of Mk, the Kaluza-Klein scale [3]. The
static Skyrmion is just the instanton holonomy in the z-direction

U(F) = Pe oo de8:(@2) (1.1)

where A, is the 5-dimensional ADHM instanton. The static 3-dimensional Skyrmion is
sourced by a static 4-dimensinal flavour instanton embedded in D8-DS.

In the past the Skyrmion-Skyrmion interaction was mostly analyzed using the product
ansatz [12] or some variational techniques [13]. While the product ansatz reveals a pionic
tail in the spin and tensor channels, it lacks the intermediate range attraction in the scalar
channel expected from two-pion exchange. In fact the scalar potential to order N, is found
to be mostly repulsive, and therefore unsuited for binding nuclear matter at large N.. The
core part of the Skyrmion-Skyrmion interaction in the product of two Skyrmions is ansatz
dependent. In [14] it was shown that the ansatz dependence could be eliminated in the
two-pion range by adding the pion cloud to the core Skyrmions. In a double expansion
using large N, and the pion-range, a scalar attraction was shown to develop in the two-
pion range in the scalar channel [14]. The expansion gets quickly involved while addressing
shorter ranges or core interactions.

In this paper we analyze the two-baryon problem using the D4 two-instanton solu-
tion [15] to order N./A. The ensuing Skyrmion-Skyrmion interaction is essentially that of
the two cores and the meson cloud composed of (massles) pions and vector mesons. At
strong coupling, holography fixes the core interactions in a way that the Skyrme model
does not. Although in QCD very short ranged interactions are controlled by asymptotic
freedom, the core interactions at intermediate distances maybe still in the realm of strong
coupling and therefore unamenable to QCD perturbation theory. In this sense, holography
will be helpful. Also, in holographic QCD the mesonic cloud including pions and vectors is
naturally added to the core Skyrmions in the framework of semiclassics. These issues will
be quantitatively addressed in this paper.

In section 2, we review the ADHM construction for one and two-instanton following
on recent work in [15]. In section 3, we show how this construction translates to the one
and two baryon configuration in holography. In section 4, we construct the bare or core
Skyrmion-Skyrmion interaction for defensive and combed Skyrmions. We unwind the core



Skyrmion-Skyrmion interaction at large separations in terms of a dominant Coulomb repul-
sion in regular gauge. Core issues related to the singular gauge are also discussed. In section
5, we project the core Skyrmion-Skyrmion contributions onto the core nucleon-nucleon con-
tributions at large separation using semiclassics in the adiabatic approximation. In section
6, we include the effects of the mesonic cloud to order N./A in the Born-Oppenheimer
approximation. At large separations, the cloud contributions yield a tower of meson ex-
changes. In section 7, we summarize the general structure of the NN potential as a core
plus cloud contribution in holographic QCD. Our conclusions are in section 8. In appendix
A we detail the k£ = 1,2 instantons in the singular gauge. In appendix B, we revisit the
core interaction in the singular gauge. In appendix C, we check our semiclassical cloud
calculations in the regular gauge, using the strong coupling source theory in the singular
gauge. In appendix D we detail our nucleon axial-form factor and the extraction of the

axial coupling ga.

2 YM instantons from ADHM

The starting point for baryons in holographic QCD are instantons in flat Rg( X Rz. In
this section we briefly review the ADHM construction [16] for SU(2) Yang-Mills instantons.
Below SU(2) will be viewed as a flavor group associated to D8-DS8 branes. For a thorough
presentation of the ADHM construction we refer to [17] and references therein.

In the ADHM construction, all the instanton information is encoded in the matrix-data
whose elements are quaternions ¢. The latters are represented as

q= qMUM, oM = (iTi,]l) , (2.1)

with M = 1,2,3,4, 1 = 19,9, and 7 the standard Pauli matrices. gp; are four real
numbers. The conjugate (¢') and the modulus (||¢||) of the quaternion, are defined as

¢" = qu(a™)T, lal*=d'q=qq' =lgl1 => a3, (22
M
q+4q' q—4q :
RGQETZQOUO, IquT:Zqial, (2.3)

where |g| is the determinant of a matrix ¢g. For clarity, our label conventions are:
M,N,P,Q € {1,2,3,4}, p,v,p,0,€ {0,1,2,3}, and i,5,k, 1 € {1,2,3} with z = z4.
The flavor SU(2) group indices are a,b € {1,2,3}.

The basic block in the matrix-data is the (14+k) x k matrix, A, for the charge k instanton

A=A+B®z, (2.4)

where A and B are z-independent (1 + k) X k quaternionic matrices with information on
the moduli parameters. We define = z3;0™ and B ® = means that each element B is
multiplied by x. A and B are not arbitrary. They follow from the ADHM constraint

ATA=f1o1, (2.5)



where AT is the transpose of the quaternionic conjugate of A. f is a k x k invertible
quaternionic matrix. f~! ® 1 means each element f~! is multiplied by 1. The null-space
of At is 2-dimensional since it has 2 fewer rows than columns. The basis vectors for this
null-space can be assembled into an (1 + k) x 1 quaternionic matrix U

AU =0, (2.6)
where U is normalized as
Ulv=1. (2.7)
The instanton gauge field A, is constructed as
Ay = iUy U , (2.8)
which yields the field strengths
Fyun = —20.unUTB(f @ 79)BIU . (2.9)
Self-duality is explicit from 't Hooft’s self-dual eta symbol

€amnN for M,N =1,2,3

2.10
oy for N =4 ( )

NaMN = —TNaNM = {
The action density, tr F’ 1\24 N can be calculated directly from f, without recourse to the
null-space U and Fyy [18]
tr Fi = 0% log | f] (2.11)
where O = 92, 0% = 0%,0%;, and |f| is the determinant of f.

2.1 k=1 instanton

The k& = 1 instanton in the regular gauge is encoded in a quaternionic matrix A

A= < A ) AT = (W (—e+ X)) (2.12)

—x+ X
which yields
fh=0" (e — Xu)?, (2.13)

after using (2.5). Here p (=y/A3,) is the size and { X} is the position of the one instanton.
The field strength is
a 2

Fyn=W — wt
MN NaM N 9 ((.%'M — XM)2 n p2)2 3

(2.14)

which follows from (2.9) with

U

P ~ Aa=X)f 0
— p2 WT s B = s (215)
VEu —Xu)?2+p2\ 1 -1



where p? = ATA and W € SU(2). The action density follows from (2.14) or (2.11)

964

tr Fyyy = O?log f =
B (VRS VL

(2.16)

which gives the instanton number 161”2 / d*ztr F 2 v = 1 by self duality. The k = 1 instan-

ton in the singular gauge is detailed in appendix A.

2.2 k=2 instanton

A charge 2 (k = 2) instanton in the regular gauge is encoded in a quaternionic matrix A [15]

A1 Ao
A=|—-[z—(X+D)] u : (2.17)
u —[z — (X — D)]
where the coordinates z); are defined as = = zp0™, and the moduli parameters
are encoded in the free parameters Ai, Ao, X, D: |\;| = p;1 are the size parameters,

)\11‘)\2/([)1[)2) € SU(2) is the relative gauge orientation, and X 4+ D is the location of the
constituents. u is not a free parameter and will be determined in terms of other moduli
parameters by the ADHM constraint (2.5).

Since we are interested in the relative separation we set X = 0, so that

A A i S
A=|D-z . Af= ﬁ(D f) Y , (2.18)
Ay u (=D — )t

v —D—=x
which yields
atac(  IMP+le=DIE+]ul®  Xde+Dlu—u'D - @rutule)) o0
e+ Dfu—ufD — (@tutule)] Daf? + o+ DIP +fluf? )

The ADHM constraint (2.5) implies that each entry must be proportional to 1. The
diagonal terms satisfy the constraint. The off-diagonal entries are also proportional to 1
provided that u is chosen to be

uzzéfi%g—kwl), A;zInmAgAl)::%(AgAl——AIAQ), (2.20)
with v an arbitrary real constant. The coordinate u is the inverse of the coordinate D. It
plays the role of the dual distance. Throughout we follow [15] and choose v = 0 for a physi-
cal identification of the moduli parameters. By that we mean a k = 2 configuration which is
the closest to the superposition of two instantons in the regular gauge at large separation.
In appendix A, we briefly discuss a minimal k = 2 configuration in the singular gauge.

Inserting u into (2.19) yields

2.2 A1) 2
o 02+ (zar — Dap)? + 7p1p24l()?:1 2)

A Ao +22-u p3+ (zar + Dar)? +

A Ao+ 22w

PEP3—(A1-A2)?
2
4DM

. (2.21)



where we introduced the notation ¢ - p for two quaternions g and p

q-p=_ qupn - (2.22)
M

pi = Vi - \; are the size parameters, +Dj; the relative positions of the instantons, and

20 -u = )\2 )()\1 . 1‘) — ()\1 . D)()\Q . .%') — EMNPQ()\Q)M()\l)NDP.%’Q] . (2.23)

D-D [(
We made use of the identity

O'P5'MN 5PMO_N _5PNUM _ EPMNQO'Q,

1
oMy 5(5'MO'N — VoM, =1, (2.24)

2.3 Explicit parametrization

Without loss of generality, we may choose the moduli parameters to be

_ d
A= p1(0,0,0,1) , Ao = po (9asin|9|,cos|9|> , D= <§,0,0,0> . (225)

with a = 1,2,3, [0] = \/(61)2 + (62)2 + (03)2 and 6, = | - The spatial r! axis is chosen
as the separation axis of two instantons at large distance d. The flavor orientation angles
(0,) are relative to the A; orientation. We assign an SU(2) matrix U to the relative angle

orientations in flavor space

M pa
U= pl—[)? — %™ € SU(2), (2.26)
1P2

which is associated with the orthogonal SO(3) rotation matrix R as

1
Ry = 5t <TaUTbUT )

= Jgpcos2| 0| + 20,0, sin’| 0| + €avele sin2|6| . (2.27)
For instance R, reads
cos 203 sin2603 0 1 0 0
—sin 2603 cos 205 0 | 0 cos20; sin260; | , (2.28)
0 0 1 0 —sin 267 cos 26,

for 1 = 0, = 0 and 0y = 63 = 0 respectively. Note the double covering in going from
SU(2) to SO(3).

In this coordination for the moduli space,

A= pllm()\ )= ,01,02(—29 7%sin| 6]), (2.29)
DA it'A pipy 51
u = = = sin| 6| 0,7 7%, 2.30



Upr = ,01;2 sin] (9’ (O, —(/9\3, /6\2, 51) 5 (2'31)

vou= PO G Gy — ) (232)

and the inverse potential f~! is written as

-1 _ gf+A B
f —( B g++A>, (2.33)

d 2
gizxi—i-(xliE) +p?, 22 =23+l +ad, (2.34)

p*sin? | 4

A 7

9 U .
., B=p’ (COS |60] + 3 sin| 0] |01z + a3 — 93x2}> ,  (2.35)

with p = p1 = p2. The action density can be assessed using (2.11). In terms of this notation,
for the £ = 1 instanton in the regular gauge (2.13), the logarithmic potential log | f| is

log f+ = —log g+, (2.36)

where the subscript =+ refers to the position :F%l of the instanton along the x; axis. For
the k& = 2 instanton (2.33), we have

log|f-+| = —log [(9- + A) (9+ + A) — B?] . (2.37)

2.4 Asymptotics

To understand in details the structure of the k& = 2 instanton it is best to work out its
asymptotic form for the case d/p > 1. For that we use (2.9) in the special case

F. = —2U'B(f ® 7)B'U, (2.38)
with
0 0
B=|-1 0 | . (2.39)
0 -1

Below, we will show that the field strength F;, sources the pion-nucleon coupling in the
axial gauge A, = 0 for the quantum fluctuations. The asymptotics is useful for a physical
identification of the coset parameters.

Near the singularity center with z = D, (2.18) approximates to

Al 0 auf
Al ~ 7] , 2.40
(A; ut —2DT> ( )

whose null vector U is

gt
p1

Un | Lidu <A;uT + 2p1DT) DADY. (2.41)
1



From (2.7) and (2.20) it follows that

0 O (4
251n2|9|9 Grirerh) |+ | O (5)4 . (2.42)
O (5

(5)°3
(5)2 sin 6] 0, J(iTiTert)

U~

We have used the explicit parametrization (2.25) and (2.29). We may expand f near the
center X = D,

L+O(l)4 _ M2z +O(l)4
flx~p = ( - PR s A (2.43)
s o) o

For X = D, the leading contributions to fi1, fi2, and fa; are of order 1/d? while that of
fao is of order d°.
From (2.39) and (2.42) we have

aieen= (140 (50 (%))

(6].61) . (2.44)
which yields (2.38)

Fylx~p = —2U'B(f ® 7)B'U|x~p
= -2 (flle{Tib1 + f12[117i[12 + f21b£7ib1 + f22b£7ibg>

i

=2l 0. (2.45)
9+
Thus

1
-FZ%;|X%D ~ —20"— (246)

9+

A rerun of the argument for the center x = —D yields
F%C;’XQ_D ~ —QRZG— s (247)

since UT ~ (0,0,1). For asymptotic distances d/p > 1 the k = 2 configuration splits into
two independent k = 1 configurations with relative flavor orientation R*. This separation
makes explicit the physical interpretation of the coset parameters: p the instanton size,
d the instanton relative separation, u the inverse or dual separation and R their relative
orientations asymptotically.

3 Baryons in hQCD

Baryons in hQCD are sourced by instantons in bulk. The induced action by pertinent brane
embeddings and its instanton content was discussed in [3]. The 5D effective Yang-Mills
action is the leading terms in the 1/ expansion of the DBI action of the D8 branes after
integrating out the S*. The 5D Chern-Simons action is obtained from the Chern-Simons



action of the D8 branes by integrating F; RR flux over the S, which is nothing but Nc¢.
The action reads [3, 11]

S = Sym + Scs, (3.1)
1

Sya = —n/d4xdz tr [§K1/3ffw + MR KF. | (3.2)
N, U(N

Scs = wy (), (3:3)

2
247’( M4AxR

where p,v = 0,1,2,3 are 4D indices and the fifth(internal) coordinate z is dimensionless.
There are three things which are inherited by the holographic dual gravity theory: Mgy, k,
and K. Mgy is the Kaluza-Klein scale and we will set Mgk = 1 as our unit. x and K are
defined as

1 — _ 2
K—)\NCW:)\NC(Z, K—1+Z . (34)

A is the 5D U(Ny) 1-form gauge field and F,, and F,. are the components of the 2-form
field strength 7 = dA —iA N A. wg(Nf)(.A) is the Chern-Simons 5-form for the U(Ny)
gauge field

wy M (A) = tr <AJ—“2 + 5 ANF - %OAE’) : (3.5)

The exact instanton solutions in warped ™ space are not known. Some generic prop-
erties of these solutions can be inferred from large A\ whatever the curvature. Indeed, since
Kk ~ A, the instanton solution with unit topological charge that solves the full equations of
motion, follows from the YM part only in leading order. It has zero size at infinite \. At
finite A the instanton size is of order 1/ V/\. The reason is that while the CS contribution
of order \° is repulsive and wants the instanton to inflate, the warping in the z-direction
of order A" is attractive and wants the instanton to deflate in the z-direction [2, 3].

These observations suggest to use the flat space instanton configurations to leading
order in N A, with 1/X corrections sought in perturbation theory. The latter is best achieved
by rescaling the coordinates and the instanton fields as

oM = \T12EM 2’ =10,
AM:)\I/2.ZM, -AO:-ZO,
Fun = AFun, Forr = M2Fou. (3.6)

The corresponding energy density associated to the action (3.3) reads [3]

E = 87’k [16”2 / d3Fdztr FAQJN]
R s [ P m ls G L 5 =



All quantities are dimensionless in units of Mkk. The U(1) contribution Ay follows from
the equation of motion [3]

~ R 1 ~9

The Ay field can be obtained in closed form using (2.11),

1

Aq —
0™ 39724

Olog |f] - (3.9)

According to (3.6) both the size of the instanton p and the distance d between two instantons
are rescaled, i.e. p = v/\p and d = v/Xd. While the size p is fixed to py (see below) by the
energy minimization process, the distance is not. Therefore, when discussing the energy at
the subleading order, the distance d is always short for v Ad. It will be recalled whenever
appropriate. The first term in (3.7) is 872k x instanton number, which is identified with
the bare soliton mass. The second term (= AF) is subleading and corresponds to the
correction to the mass or the interaction energy

K 3~~52~2~2~2 L5 %9 I = =
K 5~ (2 3T~ =2
= o d’zdz (z —TDlog|f|>D log|f], (3.10)

where we used the self-duality, tr 1?’23 = 2tr f’fz = %tr ﬁ]ﬁ ~» and integrated (3Mgo)2 by part

so that it can be reduced to the form gotr F 1\24 N-

3.1 One baryon

The one baryon solution is the & = 1 instanton. This is best seen through the holon-
omy (1.1). Indeed from (2.13) it follows that

=0+, (3.11)
for k = 1, for which
U(Z) = ™ 7@ | (3.12)

with the Skyrmion profile F/(¥) = \/% We have set X; = 0 by translational symmetry.
?+p

We have also set X4 = 0 as a finite X4 costs energy [3]. Thus

~ 96p*
Plog f = —5——7 - (3.14)
@3 +0°)!

,10,



Figure 1. AM/N,: solid (exact) and dotted (numerical).

The mass correction AM = AF, reads

K 377?75, + 2p* 960"
AM(p) = — | &zdz | 72 M 3.15
0= g3 [ (2 TR G (319)

872k [ p? 11
= ————=. 3.16
A < 6 " 320m0a2 ﬁ2> (3.16)

It depends on the size p as plotted in figure 1. All integrals in AM are analytical, since

Olog |f| and 02 log | f| are simple. For k = 2 the expressions for AM are more involved
and require numerical unwinding. As a prelude to these numerics, we have carried the
integrals in (3.15) both analytically and numerically as illustrated in figure 1.

The one-instanton stabilizes for

- 1 6

PO 8724 V 5 9.6 ) (3 7)
with a mass correction

AM (py ~ 9.64) ~ 0.365 . (3.18)

We recall that the physical instanton size py = po/ VA following the unscaling as
detailed above.

3.2 Two baryon

The two baryon solution corresponds to the £ = 2 instanton. The corresponding potential
f for the k = 2 instanton is given in (2.33) and yields

trﬁiv = [Plog|f]

D~ 2 DD a2
~ ~ p1p3sin” | 0| ~ p1p3sin” | 0|
_ _Plog [(Q($M)+ 12T> <g+(xM)+12T

9 . - . 2
_ﬁ%ﬁ% (COS | 9| + gsin | 9| [91560 + 0273 — 93$2}> ] . (319)

— 11 —



Its leading contribution in (3.7) is

872k !
1672

/dgféd?‘cr ﬁ]%/[N:| =2 x 872k,
as expected by self-duality. To order N .\ the energy of the 2-baryon system is just 2Mg or
twice the bare soliton mass. There is complete degeneracy in the moduli parameters d and
0,. This degeneracy is lifted at order N A", which is the next contribution in (3.7). This
will be detailed below.

Here we recall briefly some labeling for Skyrmion-Skyrmion interaction in the context
of the product ansat, for which most NN-potential were obtained. For 2-Skyrmions at large
relative separation, the ansatz reads

Uy(Z) = U(Z + d/2)UU(Z — d/2)UT, (3.20)

with U, SU(2) valued as defined in (2.26). For U = 1 the 2-Skyrmions are said to be in the
defensive configuration, while for U = i7,, they are said to be in the combed configuration.
The defensive configuration is maximally repulsive with Uy(Z) = U(Z)? for d = 0. The
combed configuration is partially attractive.

For two parallel instantons | #] = 0 and the instanton action density (3.19) reads

tr 12, = —0%log [g— (Far)g+ (Fn) — 5173) - (3.21)

The baryon number distribution in space follows from

B(x) ! /+<>0 dztr F? (3.22)

1672 ) wee

which integrates to 2. Since the instanton in bulk is localized near z ~ p ~ 1/ VA, we may
approximate the integral by the value of the integrand for z ~ 0, or B(z) ~ tr ﬁiy(z ~2
0)/167. In figure 2 we show trF;, for Z = I3 = 0 and p; = pp = 9.64 for various
separations d in the (Z1,Z2) space for two paralell Skyrmions. The separation is in units of
the size py = 9.64. For small separations a narrow Skyrmion develops on top of the broad
Skyrmion. The configuration is maximally repulsive (defensive Skyrmions).

A paralell and antiparalell Skyrmion (combed Skyrmions) corresponds to the choice
0y = 02 = 0 and 63 = § or || = n/2. This is a 7 rotation along x3 in the SO(3)
notation (2.27). The resulting instanton action density (3.19) reads

~2~2 22 22
~ ~ ~ pip - pPip P1P3 ~
tr B, = —[%log Kg—(xM) + %) <g+(mM) + %) —~ 4%953} . (3.23)

In figure 3 we show the baryon density in the plane (z1, z2) for various separations in units
of the instanton size with p; = po = 9.64. For large separation two lumps form along the
x! axis. For smaller separation the two lumps are seen to form in the orthogonal or s
direction. In between a hollow baryon 2 configuration is seen which is the precursor of the

donut seen in the baryon number 2 sector of the Skyrme model [19]. The concept of d as

- 12 —
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a separation at small separations is no longer physical given the separation taking place in
the transverse direction. What is physical is the dual distance u in the transverse plane.

For two Skyrmions orthogonal to each other, the choice of angles is 01 = 02 = 0,03 = 7.
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(C})

The corresponding action density is given by (3.19)

259 2
pip5sin” 03

29 o2
~ . Pip3sin® O3
= 9+(@nm) + p3 + -
~2~2 2§2 . ?
—pipy | cos bz — = sin 03 , (3.24)

tr fiu = —log | (g-(Fnm) +

which is also seen to reduce to (3.21) and (3.23) for 63 = 0 or m and 63 = 7/2 respectively.
The 03 = 7 is our two orthogonal Skyrmions. This configuration is shown in figure (4). For
small separations a narrow Skyrmion develops on top of a broad one, a situation reminiscent
of the Defensive Skyrmion configuration above. This situation can be seen in many other
relative orientations and is somehow generic.

4 Skyrmion-Skyrmion interaction

The Skyrmion-Skyrmion interaction in hQCD is of order N./\ and it follows from (3.10)
which is the second term in (3.7). The baryon two minimum energy configuration should
follow by minimizing this contribution in the 6-dimensional coset space p, d, 8. This will be
reported elsewhere. Instead, we report on the interaction energy between two Skyrmions
versus their separation for a size fixed in the baryon 1 sector and different relative orien-
tations #,. In the adiabatic quantization scheme, 8, are raised to collective coordinates.
They are not fixed by minimization. This approach will be subsumed here. We note that
the mass shift are of order N.\°.

— 14 —
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Figure 5. Skyrmion-Skyrmion interaction in regular gauge.

4.1 General

Consider the case where 61 = 03 = 0 and 03 # 0, with fixed sizes p; = p2 = pg. Here pyg is
the value fixed by minimization in the 1 Skyrmion sector (3.17). In figure (5) we show the
interaction energy (AE —2AM)/N, versus the relative distance d in units of the instanton

size, where

K S =2
AE:a d°zdz | z —TDlogm O%log |f] , (4.1)
~252 2 ~9=) . 2
B ~ p1p5sin” 03 ~ p1p5sin” 03
1= (- @)+ AP (g, ) + P20 )
2% 2
—pips (cos@ - % sin 93) . (4.2)

The interaction energy is repulsive for all values of 03. The repulsion decreases for 63 in
the range 0 — m/2, that is from the defensive to combed configuration. The combed or
03 = /2 is still repulsive even for small relative distances, as the two Skyrmions separate
in the transverse direction. In figure (6) we show separatly the interaction energy for the
defensive configuration (left) and combed configuration (right). The repulsion is seen to
drop by 3 orders of magnitude.

The core interaction is modified in the singular gauge as we detail in appendix A and
B. In figure (7) we show the analogue of figure (5) in the singular gauge. The switch from
repulsion to attraction follows from the switch from repulsive Coulomb (regular gauge) to
attractive dipole (singular gauge) interactions. The plot is versus d which is the rescaled
distance in units of the rescaled size p. In the unscaled distance d, the dipole attraction is
of order N./\* and subleading.

4.2 Interaction at large separation

To understand the nature of the Skyrmion-Skyrmion interaction to order N./A as given by
the classical instantons in bulk, we now detail it for large separations between the instanton
cores, i.e. d > p but still smaller than the pion range (which is infinite for massless pions).
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Figure 6. Skyrmion-Skyrmion interaction: Defensive (left) and Combed (right)
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Figure 7. Skyrmion-Skyrmion interaction in singular gauge

We recall that the interaction follows from the subleading contribution in (3.7), which can

be split
AE[f] = Neb(C[f] + ¢ D[f]) , (4.3)
Clf] = / dPrdz 22 TP log |f] (4.4)
= 1, =
Dlf) = - [ 5z (BProgf]) = (Blog 1)), (4.5
with b = m and ¢ = 3;{2.
For large separations between the cores or d > p, we have from (2.37)
log |f-+| = —log {(g—g+) (1 +4 * +
9-9+ 9-9+
_+ B?
~ —logg_ —logg. — AT It + , (4.6)
9-9+ 9-9+

after dropping the A? contribution as it is subleading in p/d. We note that after fixing the
size of the single instanton to py and unscaling the distance d as we indicated above, the
expansion p/d is an expansion in py/(v/\d).
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The Skyrmion-Skyrmion core interaction follows from
V = AE[f ] - AE[f ] - AE[f,], (4.7)

after subtraction of the classical self-energies which are of order N A’. The C[f] contribu-
tion to the interaction reads

Vo = sin? | 0| Voo + sin? | 6] é\fvcg +sin? | 6] (63 + %)VCv +cos? | 0| Vs, (4.8)
with

~4 .

Vow = Nob / Prdz P <w> , (4.9)
d? 9-9+
~4 . - 4"’2

Ves = Nb / Bidz D2< z ) : (4.10)
d? 9-9+
~4 . 4~2

Vo, = N / BEdz D2< a7 > , (4.11)
d? 9-9+
i ~ 1

Vos = Nob= / dB3xdz 72 07 ( ) : (4.12)
d? 9-9+

where the cross term in B? drops by parity and we have rescaled the variable 7/ d —
Ty. Thus g — 72 + (El + %)2 + p?/d?. All integrals are understood in dimensional
regularization that preserves both gauge and O(4) symmetry. The results are

Vea = —Veg = —Vey = Ncb%mw? C Ves=0. (4.13)
The D|[f] contribution to the interaction reads
Vp &~ —2bcN, /(62 logg-) % (O%log g, ) . (4.14)
The Coulomb propagator 1/ 0= —1/(4n2|Z; —Z_|?) in 4-dimensions. At large separations
|T4 —Z_| =~ d and (4.14) simplifies to
Vp ~ 12872 chcd—l2 Flﬂ / BFdZ02 log g g 277;“%, (4.15)

where the || integrates to the baryon charge 1. Vp captures the Coulomb repulsion between
two unit baryons in 4 dimensions in the regular gauge. This is not the case in the singular
as we show in appendix B.

We note that after unscaling d= VA, Vp ~ N./X. In regular gauge, this monopole
core repulsion is the Coulomb repulsion between /-dimensional Coulomb charges. We show
in appendix C that this is the natural extension of the 3-dimensional omega repulsion
at shorter distances in holography. The repulsion dominates the many-body problem at
finite chemical potential as discussed recently in [4, 5|. Indeed, for baryonic matter at
large baryonic density npg, the energy is dominated by the Coulomb repulsion (4.15). The
corresponding effective interaction is

Vi =5 [ dody (67) @V (7 - 7) (670) () (416)

leading to an energy per volume of order N, n5B/3 /A as in [5].
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5 Nucleon-nucleon interaction: core

At large separation, the nucleon-nucleon core interaction can be readily extracted from the
Skyrmion-Skyrmion core interaction (4.8) as it is linear in the SO(3) rotation R. Indeed,
using the standard decomposition [14]

1
R = g(R%b +0"Ryg), (5.1)

with
Rs=trR, R =3R™ %R, (5.2)

the spin Rg and tensor Rp contributions respectively, we may decompose the core

potential as
V =V + VsRg + VA°RY (5.3)

The scalar Vi, spin Vg and tensor Vp contributions can be unfolded by a pertinent choice

of orientations of the core Skyrmion-Skyrmion interaction. In general,
V=V+Vs(4 cos?| 0] — 1) + Vb [(6@“@17 - 25ab> sin?| 0| + 3¢%9¢ sin 210, (5.4)
after using the SO(3) parametrization (2.27)
R = 6% cos 2| 0] + 260°0" sin?| 6] + ¢**°0° sin 2| 6| . (5.5)

The axial symmetry V (01, 6,,03) = V(01, 03,02) implies that the tensor components of
the core satisfy V22 ng,g’ VT12 = V:,:i’l, and V13 V21 Thus, V is reduced to

V(01,02,03) = Vi + Vg (4cos?| 0] — 1) + (V! — V) (607 — 2) sin?| 6]

(V22 + V32)(601 (02 + 03)) sin®| 0]) + (V4? — V#?)(3(02 + 03) sin 2] 0])
+H(VZ2 4 Vi) (60203 sin®| 0]) + (V> — Vi2) (301 sin 2] 0]) . (5.6)
In particular,
V(0,0,0) = Vi + 3Vs, V(0,0,7/2) = Vi — Vg =2V —=V#),  (5.7)
V(7/2,0,0) = Vi — Vg + 4(VE — VE2), (5.8)
so that
Vi = i[V(O 0,0) + V/(0,0,7/2) + V(0,7/2,0) + V(x/2,0,0)] , (5.9)
Ve = i V(0,0,0) — %(V(0,0,wﬂ) V0, 7/2,0) + V(x/2,0,0))| . (5.10)
v 22 é[ (7/2,0,0) — V(0,0,7/2)] . (5.11)
Using (4.9)—(4.12) we deduce the scalar, spin and tensor core contributions in the form

1
V=<

1 (8Vea + Vog +2Vey + Ves) + Vo = Vb,
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Figure 8. Vi, Vg, Vr in regular gauge

1 1 2
Vs =7 <_VCa - §V(JB - gVCﬂ/ + V05> =0,
1
Vit -V = 5(Vos = Vey) = 0. (5.12)

The off-diagonal tensor Vr core contribution vanishes. This is clear from (4.8). Indeed (4.8)
can be decomposed as

V = sin® | 0] Voo + sin? | 0] 07Ves + sin? | 0] (63 + 02) Ve, + cos® | 0] Ves + Vi
= sin? | 0] (Voo + Ver) +sin? | 6] é\f(VCﬁ —Vey) +cos? |0 Ves + Vi

1
= 3 (BVea +Vep + 2Vey + Ves) + Vb
1 1 2 )
—{—Z —Voao — §V05 — §VCW + Vs (4COS |6 — 1)
1 .
+6(V0ﬁ — VCV)(GH% -2) sin2] 0|, (5.13)
in agreement with (5.12). In summary

Vi=Vp, (5.14)
A1) in

and all others vanish. For general distances, we plot Vi, Vg and Vp with (5.9)—(5
figure 8 in the regular gauge. The relative separation d is in units of the core size j = 9.64.

In the singular gauge, the Vi core contribution to the nucleon-nucleon interaction
remains unchanged while the Vp contribution changes. As a result, the spin and tensor
channels remain the same for both regular and singular gauges. The central or scalar
channel Vi = Vp changes from repulsive N./Ad? (regular) to attractive —N./A*d® (singular)
asymptotically. The flip is from monopole to dipole as we detail in appendix B. The short
distance repulsion in the regular gauge is the 4-dimensional extension of the 3-dimensional
omega repulsion. In figure (9) we show Vi, Vg and Vr with (5.9)-(5.11) and (B.4) in the
singular gauge.
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Figure 9. V1, Vg, Vr in singular gauge

6 Nucleon-nucleon interaction: cloud

To assess the nucleon-nucleon interaction beyond the core contribution we need to do a
semiclassical expansion around the £ = 2 configuration, thereby including the effects of
pions and vector mesons as quantum fluctuations around the core. We refer to these
contributions as the cloud. The semiclassical expansion around the k = 2 configuration
parallells entirely the same expansion around the k£ = 1 instanton as detailed in [7]. The
expansion will be carried out in the axial gauge A, = 0 for the fluctuations. This gauge
has the merit of exposing explicitly the pion-nucleon coupling. All cloud calculations will
be carried with the background k& = 2 instanton in the regular gauge. Some of the results
in the singular gauge are reported in appendix C.

6.1 Pion

In the axial gauge A, = 0 for the fluctuations, the pion coupling to the flavor instanton

is explicit in bulk. Indeed, following the general expansion in [7] we have for the pion-
instanton linear coupling

S=-x / d*zdz0, (KFZ,CM) (6.1)
with the explicit pion field
1 2
CHh* = —9MTI%)y, 1y = — arctan z, (6.2)
Jx m
and fr = 4k/m. As noted in [7] all linear meson couplings to the flavor instanton are

boundary-like owing to the soliton character of the k = 2 instanton. Since K F;1q is odd
in z, for a static instanton,

8, 11¢

o r (6.3)

S = Ii/d4$FZ~ K¢0‘
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Here B = +2z, refers to boundary of the core when using the non-rigid quantization scheme.
To avoid double counting, for z < z. the mesons are excluded in the holographic direction.
z. plays the role of the bag radius. It will be reduced to z. — 0 at the end of all calculations,
making the non-rigid quantization constraint point-like.

The linear pion-2-instanton vertex (6.3) contributes to the energy through second order
perturbation. Specifically,

4 2K . 2 . 2 I, a . .
vir = SEEENED [ asigra @ o omeon@) @) 64
k2K (2e)*1bo(2¢)? 1
27Tf7% /d.%'dy zz(xa 26)826] ‘f _ 27‘ ]z(y7 ZC) ’ (6 5)

for massless pions. At large separations, the field strength F}% splits into two single instan-
tons of relative distance d and flavor orientation R. At large relative separation d, (6.5)
simplifies to

9
167 f2

Vi ~ JE(0)Dy; T (0) (6.6)

with D;; = (36@6@- — 0ij) /d3. The spatial component of the axial vector current .Jy is
unrotated while J f is rotated. From appendix D, its zero momentum limit reads

TE0) = I @ =0) = ~3RK (c)n(z) [ drF(E2) (6.7)

The projected potential Vi1 yields

9 ; j
(s1t180ta|Vit|sitysata) = mTfQ<81t1‘JXZ(O)’$1t1>Dij<$2t2’JfA](O)’32t2>
L O
= 16—71- f_ $<3(01-d)(02-d)—0'1-0'2> (7'1-7'2) ) (68)

where g4 = 32kmp?/3 is the axial-vector charge of the nucleon as detailed in appendix D.
ga ~ N\ in hQCD.
In the A, = 0 gauge, the linear pion-2-instanton vertex (6.1) yields a tensor contribu-

tion to the nucleon-nucleon potential

1 2
Vig = — (?—i) 5 (6.9)

This is in agreement with the pseudo-vector one-pion exchange potential

(gTK'NN/2M)2 i

Vo = 6.10
T7H 47T d3 Y ( )
if we identify

gnNN gA

_— = 6.11

MN f7r ( )
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This is just the Goldberger-Treiman relation which is also satistified by the holographic
construction in the A, = 0 gauge and for massless pions.

In reaching (6.8) and the relation (6.11) there is a subtlety. Indeed in (6.6) the pion
propagator D;; is supposed to be longitudinal and the axial vector source Jilj transverse,
so that the contraction vanishes. The subtlety arises from the ambiguity in the axial
vector source at zero momentum and for massless pions as discussed in appendix D. The
contraction is ambiguous through 0/0. The ambiguity is lifted by the order of limits detailed
in appendix D, which effectively amounts to a longitudinal component of the axial vector
source at zero momentum. This result is independently confirmed by using the strong
coupling source theory discussed in appendix C.

Finally, the pion coupling (6.3) in the axial gauge is pseudoscalar and strong and of
order y/N./A. The reader may object that this conclusion maybe at odd with naive 1/N,
power counting whereby the pseudovector coupling is of order v/N./N. ~ 1//N, with the
extra 1/N, suppression brought about by the 75 in the nucleon axial vector source [14]. In
strongly coupled models such as hQCD the nucleon source is of order NY not 1/N., and yet
chiral symmetry is fully enforced in the nucleon sector. hQCD is a chiral and dynamical
version of the static Chew model of the A for strong coupling [20]. Also, the reader may
object that the one-pion iteration which is producing a potential of order N./\, may cause
an even stronger correction by double iteration of order (N./A)? and so on. This does not
happen though, since the direct and crossed diagram to order (N./\)? cancel at strong
coupling. The same cancellation is at the origin of unitarization in # N — 7 N scattering
(Bhabha-Heithler mechanism).

6.2 Axials

The linear vertex (6.1) also couples vector and axial vector mesons to the 2-instanton
solution at the core in bulk. For instance, the axial-vector meson contribution follows
from (6.1) by inserting

ot = aﬁ’"¢2n , (6.12)
so that

S =2 / dia (KFb’Z“afjnqbgn) (6.13)

2=2c

The sum over n is subsumed. We have used the fact that K F,;9, is odd in z (axial
exchange) and that the surface contribution at z = oo is zero since F?,,, ~ §(z) is localized
in bulk to leading order in 1/A.

In second order perturbation, (6.13) contributes a static potential

Vi = 22K (0P an o) [ ARG )N FL G 2) - (614)

At large separations, the field strength F}. splits into two single instantons of relative
distance d and flavor orientation R = RI Ry. At large relative separation d, (6.14)
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simplifies to
9 a Pon \ 2 9;0;\ e"md p
9 ; Yon ) 2 3 o~
= — Gt — 1+ —+ —— | did;
167 ;JA ) < Yo > K " ngnd m%nd2> ’

5 (10— L\ ey (6a)
N m3, d? d A ‘

%

where J4(0) is defined in (6.7) and the spatial component of the axial vector current Ju
is unrotated while J f is rotated. The projected potential Vy yields

(s1t152t2|Valsitisata)

2 2
~ gA ¢2n> and< 1 1 ) — — — —
N = — | e —————— | (61-09) (71 - T
167 — <¢0 d m3,d3 (71 G2) (71 - 72)

2 2
n — 1 2 3 - N/ = N/= =
194 Yon \" —mynd (1 4 + (G1-d) (G2 - d) (71 - )
167 ~ d

wo m2nd2 m%nd3
2 2 —mond
— z=n ¢ 5 N7 N = — — —
= 1961; (12)20 > ] [(01 -d)(72 - d) — (01 -Uz)} (T1-72) (6.16)

which contributes to the spin Vg 4 and tensor part V 4 of the NN interaction. Specifically,

N 9 e Mg N 9 e~ M2nd
Vsa = ; Gwmm ) Vra= En: GTA,2n747T d
Gsaon = 94t gamaon/VE, Graon = gV gamaon /K, (6.17)
V6o V1240

with Ggaon = /Ne¢/A and Graon = /Nc/A the spin and tensor couplings of the tower

of axials to the nucleon.

6.3 Vectors

For the vector mesons the time component Fj, contribution is leading in N, compared to

the space component Fj,. This is the opposite of the axial vector contribution. For the
SU(2) part (rho, rho’, ...), we have

1 ) 5 o i e*an—l‘ff?ﬂ a /=
Vo = o= ) KR (ze) W51 (2e) | dBAGFG(F, 20) —=——=—Fy. (7 2)
e |7 — 4]
1 W0 e~ M2n—1d Ra
~ i Zn: S, (6.18)

where J* = [d#2kKF%, is the unrotated angular momentum in [7]. We note that
Z=Zc

R = RT Ry and that R J® = —I§ where I¢ is the unrotated isovector charge of the nucleon

!For simplicity we often omit |:==. and ¥n = Pn(zc).
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labelled 2. The same holds for label 1. Thus

e~ Mm2n—1d

<81t182t2‘VV’81t182t2 Z an 17— I d (?1 7?2) s (6.19)

which is seen to contribute to the isospin part of the central potential

—man—1d
G? 6.20
Z 1V,2n— 1 Ird (6.20)
with Givan—1 = 2n—1/2 = 1/v/NA. This contribution is subleading in the potential.
Similarly, the U(l) vector contribution part (omega, omega’, ...) reads
—MmMon— 1d N2 —m2n 1d
‘7 16 Z 1/}2n 17 5 > (621)

where B = [ diimK F.o is the baryon number introduced in [7]. This contribution
¢ 2=z¢

to the central potential is leading

e~ M2n—1d
ig =V ™ ZGV -1 Ard (6.22)
Gpon1 = 7C¢2n71’ (6.23)
with Gy, | =~ Nc/ A

For completeness, we quote the spatial contributions from the vectors, both of which
are subleading in the potential. The SU(2) vector meson contribution is

Vi = 2;42K(zc)2¢2n1(zc)¢2m1(zc)/dfdgF;;(f, zc)Amn abe (U, ze) . (6.24)

At large separations, the field strength F} splits into two single instantons of relative
distance d and flavor orientation R = RT Ry. At large relative separation d, (6.14) simplifies

to
B 9 ) 9 0;0; e~ M2n—1d Rai
Vi =~ — Y J¥0) (an— —0i J J5(0
9 2 3 ~
= — E n_ 1 d;d;
167 4 T9(0) (2 1) [( * Mop_1d * m%n1d2> J

1 e~ M2n—1d Rai
—0;: [ 1 JY (0 , 6.25
(g .

where J%(0) = —(4/3)kK [ dZFZ and the spatial component of the vector current Jy is
unrotated while J‘]/% is rotated. The projected potential V7, yields

(Sltlsgtg |V7 |81t182t2>
1 1

Ngv 2 —maon_1d o oo o
167 (7/)211—1) el <—E—W> (01‘02)(7'1‘7'2)
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2
o 2g-mand (L, 2 3 VG DG d) (77
+167T " (an-1)"e <d+m2n—1d2+m%n_1d3 (01 - d)(F2 - d) (71 - T2)
2 e~ Man—1d PN L o
~ e () (61 D@ d) — (31-3)| (7 7) | (6.26)
167 ~ d

with J#(0) = gyR*. To leading order gy = O(1/N,),
2

2 .
— —/dan Roi__" 4
3 @+ P

since KF(Z, )1 is even in z. (6.26) contributes to both the spin Vg, and tensor part
Vi of the NN interaction,

=0, (6.27)

, 2
Ji(0) = g/dmeng(f, 2)1
z=B

z=B

- 1 9 e*an—ld B 1 9 e*an—ld
VSvV ~ An Z GSV,?n—l d ) VT,V ~ e Z GTV,zn—17d )
n n
gvPoan—1 gvan—1
G = -, G =2 6.28
SV.2n NG TV,2n 12 (6.28)

The holographic description of the nucleon-nucleon potential is consistent with the meson-
exchange potentials in nuclear physics. Holography allows a systematic organization of
the NN potential in the context of semiclassics, with the NN interaction of order N./\ in
leading order.

7 Holographic NN potentials

In general, the NN potential in holography is composed of the core and the cloud contribu-
tions to order N./\. For non-asymptotic distances, both the core and cloud contributions
have a non-linear dependence on the rotation matrix R(U), making the projection on the
NN channel involved. Formally, the potential (core plus cloud) can be expanded using the
irreducible representations of SU(2). Specifically

oo  +J

V(dU) =Y > Vimld) D} (U) (7.1)

i=0m=—j

where Df;1 . (U) are U-valued Wigner functions. For k = 2 the azimuthal symmetry restrics
m/ = m with Vj,, =V, _p,. In particular

o2

K T

/ dU V(d,U) D}, (U) . (7.2)

The projection on the NN channel follows by sandwiching (7.1) between the normalized
NN states D'/2(1) @ D'/?(2). While straightforward, this procedure is involved owing to
the complicated nature of the & = 2 instanton both in the core and in the cloud on R(U).
In general

V(da U) = ‘/core(da U) + chloud (d, U) . (73)
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Veore(d, U) is defined as

Veore(d, U) = AE[f 1] = AE[f-] = AE[f4],

K S 2
AE[f] = — | d’zdz |z — ——0Olog|f| ) O%log | f| , (7.4)
) 24
where
log|f—+| = ~log [(9- + 4) (94 + A4) - B*] , (7.5)
log |f+] = —loggs, (7.6)
A AR 7 sin? | 0]
g+ = Z T, + 271:|:§ +p°, A= JQ ) (77)
a=2,3,4
5 2 ., ~ A~
B = p~ | cos| O]+ gvsm | 6] {le + O3 — (93.%'2} . (7.8)
Veloud(d, U) is defined as
Viowa(d.U) = 22K 3" 02 [ azdy (7.9)

X | F&(xar; —+)AY (Z — ) F2(yar; —+) + Fos(zar; —H)AL(Z — ) Fo. (yar; —+)

~

—2FE (s )AY (@ = §) Fi(yas; ) — 2Pz (o3 -)AL(E = ) Fo- (yari )|

7
zZ=zc

where FZ(zp;—) and F2(zp; —+) are the field strengths of the £ = 1 and the k = 2
SU(2) instanton respectively,

2

p
Fi(on;—) = —25ai7'am 5 (7.10)
Fi(zm;—+) = —20,U'B (f-4 @ 7 BIU, (7.11)
mi_ (010 g (9-+4 B
~\0 o0 -1)" +-\ B g, +4)"
a2
gi5$§+<$1i§> +po?, al=ad+af+ad,
sin? | 0 2 . .
AE%Z“’ BE[)Q(COS‘H’—FESHI’@‘ [012—%021‘3—031’2}),
T d 2 o
)\% 2 .57'1 —AmT & sﬂj 0] 6,7t U—o. —
b %sm]@\@aTaTl —57'1 — gt

The U(1) fields F\Zo(xM; —+) = azA\O(xM; —+) and ﬁzo(xM; —-) = azA\O(xM; —) follow from

Aolrnss—+) = g OloglF 4l Aolaai—) = gop-Olog|f| - (7.12)
The propagators are defined as
N(E— ) = (=6 + D) T Ay = T g
" T g |7 — ) " A7 |Z — 7]
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If we were to saturate (7.1) by j = 0,1 which is exact asymptotically as we have shown
both for the core and cloud, then the projection procedure is much simpler. In particular,
the NN potential simplifies to

VNN:V1++?1-7_"2‘/1_+0'_i-072(v‘5—v’—+7?1-7_"gvs_) (7.14)
with the core contributions
1
Vifiore = 1 [V(0,0,0) 4+ 2V (0,0, 7/2) + V(7/2,0,0)] , (7.16)
1 2 1
VSTCO]re =7 [V(0,0,0) — §V(0,O,7r/2) — §V(7T/2,O,0) , (7.17)
1
Vieore = Vo' = Vi = G [V(7/2,0,0) — V(0,0,7/2)] , (7.18)

as detailed above. The cloud contributions Vi, Vg and Vp remain the same. At large
distances d the core contribution is dominant and repulsive in the regular gauge (4.15)

4+ 2TmN: 1

Leore ¥ "oy 3 (7.19)

and subdominant and attractive in the singular gauge (B.7)
Vieore —81;{\[ CZ—Z : (7.20)

The dominant cloud contributions are

V1J,r\7 ~ ;G§?,2n1%’ Gr1pon1 = N7¢2n 1 %’ (7.21)
Vga =™ Z Géam e;m:d ; Gsaon = _%bjg ~ % ; (7.22)
Vv = Z GSVQn 1% ; Gsvon = _gvi\b/Qg_1 ~ ;Nc (7.23)
Via® Z GTA on e;’”:d ) Graon = %Z; ~ \/g, (7.24)
Viv = Z GTv2n 1 mQ; - Grvon = %\/%—1 ~ ;Nc , (7.25)
Vi & 16% (?—i) % ~ NT (7.26)

from (6.9), (6.17), (6.22), and (6.28). To order N./\ we note that V;~ = V5 = VI = 0.
The relative vector-to-pion contribution to the tensor potential, can be assessed asymp-
totically. For a realistic estimate, we make the pion massive. Thus

- LG2,, e med
Via =GTa2e "™ - <f7r¢2

Al ’ ~
Vrn 1 (gama )" o—mad mxo
’ 487 fx

with o /1y ~ 11.4, fr ~ 93MeV and m, ~ 136MeV.

2
> elmm=—md ~ 0.8 elm=—md (7.97)
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8 Conclusions

We have extended the holographic description of the nucleon suggested in [3] to the two
nucleon problem. In particular, we have shown how the exact k& = 2 ADHM instanton
configuration applies to the NN problem. The NN potential is divided into a short distance
core contribution and a large distance cloud contribution that is meson mediated. This is
a first principle description of meson exchange potentials sucessfully used for the nucleon-
nucleon problem in pre-QCD [21].

The core contribution in the regular gauge is of order N./A. It is Coulomb like in
the central channel. Remarkably, the repulsion is 4-dimensional Coulomb, a hallmark of
holography. This repulsion dominates the high baryon density problem in holography as
discussed recently in [4, 5]. The dominant Coulomb repulsion is changed to subdominant
dipole attraction for instantons in the singular gauge.

We have shown in the context of semiclassics, that the meson-instanton interactions
in bulk is strong and of order \/N./A. In the Born-Oppenheimer approximation they
contribute to the potentials to order N./\. These cloud contributions dominate at large
distances. The central potential is dominated by a tower of omega exchanges, the tensor
potential by a tower of pion exchanges, while the spin and tensor potentials are dominated
by a tower of axial-vector exchanges. The isovector exchanges are subdominant at large NV,
and strong coupling. Holography, fixes the potentials at intermediate and short distances
without recourse to adhoc form factors [21] or truncation as in the Skyrme model [22].

The present work provides a quantitative starting point for an analysis of the NN
interaction in strong coupling and large V.. For a realistic comparison with boson exchange
models, we need to introduce a pion mass. It also offers a systematic framework for
discussing the deuteron problem, NN form factors and NN-meson and NN-photon emissions
in the context of holography. We plan to address some of these issues next.
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A Instantons in singular gauge

The k = 1 instanton in the singular gauge follows from (2.8) through a gauge transformation
g ! = €& = £/|¢| which is singular at ¢ = x — X = 0. This is achieved through the shift
U — Ug, which amounts in general to the new inverse potential 1/f = 1 4 p?/£2,. The

corresponding action density is

96p*
(war — Xar)? 4 p?)*

The instanton in the singular gauge is threaded by an antiinstanton of zero size at its

— 16726 (xpr — Xar) - (A1)

center. Its topological charge is strictly speaking zero. It is almost 1 if the center x = X is
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excluded. This point is usually subsumed. Singular instantons have more localized gauge
fields than regular instantons.

The ADHM solution for k& = 2 in singular gauge is not known. Following the & = 1
argument, we may seek it from the regular gauge by applying a doubly singular gauge
transformation

g l=gtgt =6 E (A.2)

which is singular at the centers & = £ D = 0 in quaternion notations. This amounts
to shifting U — Ug in the ADHM construction. We guess that (A.2) yields the new
inverse potential

P f , (A.3)
(lz — Dl||x + DJ)

in the singular gauge. As a result, the instanton topological charge is
tr F2ry = D% log f — 0% log f — 1672 (6(E4ar) + 0(E-nr)) - (A.4)

The k£ = 2 ADHM density is now threaded by two singular anti-instantons at &L = 0.
Singular instantons have more localized gauge fields Ap; than regular instantons. While
this point is of relevance for gauge variant quantitities, it is irrelevant for gauge invariant
quantities with the exception of the topological charge. This point is important for the

central nucleon-nucleon potential as we now explain.

B Core in singular gauge

In the singular gauge we substitute |f| as (A.3), which results in

Dlog|f|—>Dlog|f|—|—%+%, (B.1)
& e
2 log | f| — D log | — 1672 (0(E4ar) + 0(E-ar) ) - (B.2)

This gives extra contributions in addition to the result in regular gauge after the subtraction
of the self-energy

AE — AE + AE;,
AE, = () <3;—22> /d?’zc’dz
x [32w2{ﬁlog (el (8€4ar) + 6(Ea0)) — Dlog 41 6(Ear) — Dlog |- 5(€-ar)}

~ 4 ~ 4
16 (5 a) 5 +6Ean 5 )] (83)
e &
which comes from the second term in (4.1) while the first term in (4.1) remains the same.
f=£, f+, and f_ are short for the expressions in the regular gauge in (2.36)—(2.37). Thus

_ N2Tm

AFE;
8

Uﬁﬁﬂm%m@@Mnagm”+g+%}
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_N2im f4 1
2 P 2

Y [86(2554 +5d25% 4+ 45%) + d45% cos? 6] (—2d* — 4d2PR — 35t cos(2|6)))

F2d P2 (d* + 4dPp? + 5p%) sin? 0] + d250(3d2 + 8p%) sin? |9] + 27 sin® ]6’\}
d

- 2
V- Z)Q{ Ad? 4+ 7P) — dp? cos? |0] + A2 PP (d? + 27) sin? 0] 4 p° sin® |9|} }(B.4)
N.27 14+4 210 _
_ _< 2A”> + C;’f( D 1 oy @s1). (B.5)

For large d, the monopole contribution in (B.4) is cancelled by the monopole contribu-
tion (4.15) in the regular gauge. This cancellation leads to a dipole attraction in the
singular gauge.

The net dipole attraction in the singular gauge is best seen by noting that (4.14) now
reads

Vp ~ _zchc/ (ﬁ2log (1 + ,52/53) ) é (62 log (1 v ,52/53)) , (B.6)

where 24 refers to the shifted instanton positions. For large separations J/ﬁ > 1, the
leading contribution to Vp is

~6 ~6
Vp ~ —7687% be N, % - —81ch% , (B.7)

by repeated use of the 4-dimensional formulae

1

O ke 47?2 6,1 61(€) + 2n(2(n + 1) — 4) (B.8)

g2(n+1) -

This contribution is of order N./X* following the unscaling of d = v/Ad. (B.7) is dipole-like
and attractive. As expected, the threading antiinstanton in the singular gauge cancels the
leading N,/ repulsive monopole contribution in 4-dimensional Coulomb’s law, resulting
in the attractive dipole-like contribution (van der Waals).

C Strong source theory

In this appendix, we check our cloud calculation in the singular gauge using the strong

coupling source theory used for small cores in [20, 23] and more recently in holography

in [6]. This method provides an independent check on our semiclassics in the k = 2 sector.
The energy in the leading order of A is

1 1 ~ .
E=rtr /d%dz <§K_1/3FZ% + KF2> + g /d%dz <§K_1/3FZ% + KF2> . (C.1)
where, in the region 1 < &,

Ay~ —5—~(G_+Gy), (C.2)
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A%~ —2n2p? ((emﬂ'a+j — 5199, 5) Gy + R (el'bf'a_j - 52‘*’0_2) G_> . (C3)

A%~ —272p? (8+GH+ + Raba_bH,) , (C.4)
with
Gi~ kY n(2)n(£2)Y, (\f_ )?iD , (C.5)
n=1
Him kY 6u(2)du(£2)Y, <\f— )?i{) , (C.6)
n=0
D(2) = = fu(s) = —=Otn(z) (n=1,23..), (CT)
Oz_\/EK(Z)’ nz_mznz n=1249...), .
—VAa|#- X |
- e 0 0
Yol |T— X =5, o= 0, = —. .
(‘x i‘) dm|7 — X O X4 Oz 07+ (C.8)
C.1 Pion
The pion contribution stems from
Fn="t / BrdzK (5,A%) (A2 | (C.9)
where
A%~ 22 (maﬂu n Raba_be) , (C.10)

with ¢g(z) only. After subtracting the self-energy the pion interaction energy (Vir) is

Vi = k (27%p%)° R® / BrdzK (90;0 o Hy) (0;0_pH_)

1 N (=~ Oa
N RY | dydy — — C.11
2321 B TR (C-11)
after using 20, = —0+, and dropping the surface terms. )2+ =-X_= gand Z.~0. The
matrix element of (C.11) in the 2-nucleon state is
I N /o e A 2 2\ ye -
<8182t1t2|VH|8182t1t2> = 5 c 3P (3(0‘1 . d)(02 . d) — 01" O'2> (7’1 . ’7'2)
237 d
= LS L (56 )6y d) 1) (A7) (C12)
= — (3(61 -d)(Fg-d) — 1 -02) (71 - T .
T2 dr B 1 2 1:02)(T1-72)
after using (sysotits|R%®|sysotits) = %a?agﬁ - 7. The last equality follows from the canon-
ical m N pseudovector coupling. Thus
2 8N (G4’
<97fNN) = S (94 (C.13)
M 35 fr

where g4 = %—4/<7Tp2 obtained in [6], and f2 = 4 /m. This is just the Goldberger-Treiman

relation following from the NN interaction using the strongly coupled source approxima-
tion [6]. As noted in appendix D, our normalization of the axial-vector current appears to
be twice the normalization of the same current used in [6].
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C.2 Omega

The w contribution stems from

K - ~
Ep = §/d3xde <(9ZA0> <62A0> , (C.14)
where
~ 1
Ay =~ _E(G_ +Gy) . (C.15)

After subtracting the self-energy the w interaction energy (V4) is

v = K Ze)¢n(Z-)mg, / _ emman-1 (18X [HT-Xy ) .16
v (2aAdm)? 17— X_||7— X4

NZ 5 g, € M1 (rtd)

~ gt [ drlamrt) (1)
N, 5 e~ Mm2n—1d
~ T ;¢2n—1w 5 (C.18)
where we used

n/de(z)Bzwn(z)Bzwm(z) =m3, 10nm - (C.19)

The result is in agreement with (6.21). At large separations, the strongly coupled source
theory and the semiclassical quantization yields the same results. This outcome is irre-
spective of the use of the singular gauge (strong coupling) or regular gauge (semiclassics).
This a consequence of gauge invariance.

At short distances, gauge invariance is upset by the delta-function singularities present
in the singular gauge. Indeed, for p < £ < 1 the omega contribution stems from

SRR W ) A
By = / BrdzK <8ZA0> (aZAO) : (C.20)
with now K ~ 1 and
~ 1
Ap ~ ——— flat flat 21
1 1
fla
Gy = el (C.22)
from [6]. After subtracting the self-energy the w interaction energy (V‘i/) is
K 422
V= ——— /dfdz
v 2 2 2
(2aMr) (G = d/22? +42) (@1 +d/2)% + 22)
27N, 2
= o [ didz - 5
T (21 =172 +22)" (@1 +1/2)* +22)
277N,
D2 (C.23)
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We have rescaled the variable xj; — 237/d in the second line and carried numerically the

integration through

2’2 2

dzdz ~4.9348 ~ . (C.24)
2 2 2 2 2
(21 =172 +22)" (@1 +1/2)* +22)

The omega repulsion at short distance is about V;;/2 in (4.15). The discrepancy may be
due to the singularities introduced in the singular gauge and/or the approximation in the
matching region p < € < 1. It is worth noting that the standard omega repulsion at large
ditances (C.18) transmutes to a 4-dimensional Coulomb repulsion in holography.

D Axial form factor

The effective action for the SU(2)-valued axial vectors to order A" follows from |[7]

ZZ/d4 [ 8 abm — 31,@?;”)2 - %mgn(az’”)Q

3
b=1n=1

~wKF"*af ), (o — aanan)

z2=B

+ agnm? az’"&%b’“ - /@KIFb’Z“aZ’"Q/JQn
z

an

B] , (D)

The first line is the free action of the massive axial vector meson which gives the meson
propagator

AP ipe [ =Gu — Pupv /Mg
Amn,ab _ ipx 2 (24 a 5mn5ab D.2
eba) = [ e | SR 02)

in Lorentz gauge. The rest are the coupling terms between the source and the instanton:
the second line is the direct coupling and the last line corresponds to the coupling mediated
by the SU(2) (a, a’, ...) vector meson couplings,

KEF" a0l gy, | (D.3)

which is large and of order 1/ V'l since ¥a, ~ vVh. When p is set to 1 / V) after the book-
keeping noted above, the coupling scales like \\/N,, or v/N, in the large N, limit taken
first

The direct coupling drops by the sum rule

> 2

E Qagntpo, = 1y = — arctan z, (D.4)
T

n=1

following from closure in curved space

(e o]

5(z —2") Z (K3 . (D.5)

n=1
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in complete analogy with VMD for the pion [11] and the electromagnetic baryon form
factor [7]. It follows form (D.4) that

;aa”wm@(zc) = %/

—Zc

Zec Zc

28,10 (2) = g / dzgo(2) . (D.6)

—Zc

The axial vector contributions at the core sum up to the axial zero mode.
The iso-axial current is,

Thafe) = = S it [y S anmw-o)| . (0.7)
with
Qb (y,2) = kKF’.,(y, 2) . (D.8)
The static axial-iso-vector form factor follows readily in the form
b(q) = /dmezq g% (x
Qgnm?2n -
(69 — ¢ /dfewz ¢2n( ) Q%(, 2) g (D.9)

and is explicitly transverse for massless pions. The zero momentum limit of the transverse
momentum projector is ambiguous owing to the divergence of the spatial integrand for
¢ = 0. We use the rotationally symmetric limit with the convention (69 — G'¢7) — 2564 /3.
Thus

: 2
o) =2 / A KK (7, 2o (2)| . (D.10)
=
by the sum rule (D.6). Since the rotated instanton yields
) 47T2p2
dzFlte = poiZE D.11
f e =R (010
the spatial component of the axial-vector reads
: 32Kmp? t :
Jibi(0) = B2y | pyactan(e) g (D.12)
3 p*+ 28
In the nucleon state
: 32kmp? (1 + 22 i
(s"t'| T 0)|st) = —gw,oQ( +2ZC) arctan(z.)(c?)** (%)%
Voot
1 / 5 /
= ggA(Jb)ss (9t (D.13)
where we used (s't'| R%|st) = —%(Ub)SSI(Ti)tt,. Thus
32kmp? (1 4 22 32
gA = 32emp (14 =) arctan(z.) ~ —kmp?, (D.14)
ENZE= ;

16/<7Tp as quoted in [6].

where the limit p — 0 is followed by z. — 0. It is 2 times g4 =
This discrepancy maybe traced back to a factor of 2 discrepancy in the normalization of

the axial-vector current in [6].
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